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We construct quantum field theory in an analogue curved spacetime in Bose-Einstein condensates
based on the Bogoliubov-de Gennes equations, by exactly relating quantum particles in curved
spacetime with Bogoliubov quasiparticle excitations in Bose-Einstein condensates. Here, we derive
a simple formula relating the two, which can be used to calculate the particle creation spectrum
by solving the time-dependent Bogoliubov-de Gennes equations. Using our formulation, we nu-
merically investigate particle creation in an analogue expanding Universe which can be expressed
as Bogoliubov quasiparticles in an expanding Bose-Einstein condensate. We obtain its spectrum,
which follows the thermal Maxwell-Boltzmann distribution, the temperature of which is experimen-
tally attainable. Our derivation of the analogy is useful for general Bose-Einstein condensates and
not limited to homogeneous ones, and our simulation is the first example of particle creations by
solving the Bogoliubov-de Gennes equation in an inhomogeneous condensate.
PACS numbers: 03.75.Kk, 03.75.Hh, 05.30.Jp, 04.62.+v
I. INTRODUCTION
Since the establishment of the theory of general relativ-
ity by A. Einstein, the study of classical gravity has been
greatly extended. It provides some fascinating research
subjects, especially cosmology and black holes. These
two topics are powerful motivations for studying physics
in curved spacetime.
The quantum effects of matter fields in curved space-
time is also important for studying cosmology and black
hole physics. In standard modern cosmology, our Uni-
verse began with an accelerated expansion, known as in-
flation. The quantum effect of matter fields in the in-
flationary universe is believed to give rise to cosmologi-
cal structures such as galaxies. However, this is merely
theoretical scenario lacking any experimental evidence.
Another example relates to the very mysterious objects
known as black holes. According to S. W. Hawking’s
prediction [1], black holes are not completely black but
rather they emit black body radiation through particle
creation in the curved spacetime. It is very difficult to
confirm this surprising phenomenon experimentally due
to the extreme low intensity of the emitted radiation.
With such a background, new attempts to discover
analogous phenomena in fluid systems have appeared.
In a pioneering study, Unruh found that Hawking radi-
ation is not restricted to gravity fields but that it can
also be observed in a perfect fluid with a sonic hori-
zon [2]. The basic concept involves identifying a sound
wave propagating in a flowing fluid with a scalar field in
curved spacetime. In this identification, fluid flow corre-
sponds to curved spacetime and provides the spacetime
metric. The sound wave can then be considered as a field
in curved spacetime. This analogy has been applied not
only to Hawking radiation but also to other field theo-
retical phenomena in curved spacetime, including cosmo-
logical particle creation [3, 4].
One of the merits of considering such an analogy lies in
possibility of observing quantum effects in a laboratory.
For the purpose of performing a precise investigation
of quantum effects, we should consider quantum fluids.
Bose-Einstein condensates (BECs) in trapped cold atoms
represent one of the best systems in this context [5, 6, 7],
for the following three reasons: (i) a BEC system is quite
dilute and weakly interacting, so that its microscopic the-
ory can be easily studied, (ii) many physical parameters
of BECs are experimentally controllable, and (iii) various
quantum phenomena of BECs can be directly observed,
in stark contrast with other quantum fluids, such as su-
perfluid helium systems. Therefore, BECs are one of the
most promising quantum fluids for an analogous system.
In this spacetime analogy, spacetime corresponds to
the condensate wave function described by the Gross-
Pitaevskii (GP) equation [8, 9]. Furthermore, quanta
of the scalar field in spacetime correspond to Bogoli-
ubov quasiparticles, which are low energy excitations on
condensates and can be described by the Bogoliubov-de
Gennes (BdG) equations. Bogoliubov quasiparticles not
only exist in BECs at finite temperatures but they are
also spontaneously created through the motion of BECs,
which is one of the important problems associated with
defining a BEC and its superfluidity in nonequilibrium
Bose systems.
One of the main subjects of the analogy in BEC is
to verify the Hawking radiation [10, 11, 12, 13, 14,
15, 16, 17, 18, 19, 20, 21, 22]. Not only the Hawk-
ing effect, other aspects of black hole physics as quasi-
normal frequencies or superradiance were also investi-
gated [23, 24, 25, 26, 27, 28]. Another stream is on
cosmological models representing homogeneous expand-
ing universe [29, 30, 31, 32, 33, 34] or inflationary uni-
verse [34, 35, 36, 37, 38, 39, 40]. The analogy in BEC was
firstly formulated by Garay et al. [10] and explored by
Barcelo´ et al. [41]. In their formulation, the analogue ge-
2ometry is read from a second-order differential equation
for the perturbed phase of the condensate wave func-
tion which obeys the GP equation. In order to connect
quantum physics in curved spacetime to the behavior of
a realistic quantum fluid, Leonhardt et al. [13] investi-
gated the Hawking effect within the Bogoliubov theory
of the elementary excitations in BEC. More detailed cor-
respondence between the quanta in analogue spacetime
and the Bogoliubov quasiparticles was discussed by Jain
et al. [32], giving an analytical expression for particle
creation spectrum in terms of the Bogoliubov mode func-
tions in the case of homogeneous BEC.
In this paper, we formulate the spacetime analogy in
terms of the BdG equations as an extension of [13], by
exactly relating Bogoliubov quasiparticles with quantum
particles in curved spacetime. It is shown that the num-
ber operator of quanta in analogue spacetime is different
from that of Bogoliubov quasiparticles, unless the cor-
responding field is normalized correctly. With the cor-
rect normalization, the number of quanta in analogue
spacetime can be exactly related with that of Bogoli-
ubov quasiparticles. Furthermore, it is shown that the
orthonormal relation between the normalized mode func-
tions exactly corresponds to that of BdG wave functions.
We also explicitly define Bogoliubov quasiparticle cre-
ation as a phenomenon caused by a change in the com-
plete set of BdG wave functions for the motion of a BEC,
and we define analogue particle creation in terms of Bo-
goliubov quasiparticle creation. Our formulation based
on the BdG equations is generally applicable and gives
a simple formula for particle creation spectrum in terms
of the Bogoliubov mode functions. In the derivation of
the formula, we consider the correctly normalized field so
that the formula is relevant quantitatively. Our deriva-
tion of the formula is different from that given in [32],
and consequently the formula is generalized to be appli-
cable in general cases. Furthermore, our formulation is
independent of whether condensates are homogeneous or
inhomogeneous, and the obtained formula is valid even
for inhomogeneous condensates.
We then perform a numerical simulation for the sim-
plest quantum effect in analogue curved spacetime: parti-
cle creation by the analogue expanding Universe as an ex-
panding BEC. The spectrum obtained is consistent with
the thermal Maxwell-Boltzmann distribution, the tem-
perature of which has already been achieved in actual
experiments. In this simulation, we set the initial state
for the excitation field to be vacuum just after the con-
densate starts to expand, and there is no external ma-
nipulation after the initial time and the particle creation
occurs spontaneously, which should be contrasted to the
previous works [29, 30, 31, 32, 33]. In this sense, the
system is isolated. The particle creation simulated here
is not a result of any perturbation but a field theoret-
ical phenomenon caused by a difference in definition of
quasiparticles.
This paper is organized as follows. In section II, we
derive an analogue spacetime metric from the BdG equa-
tions. In section III, we construct quantum field theory
on the analogue spacetime based on BdG theory. In sec-
tion IV, we define Bogoliubov quasiparticle creation and
give a formula for analogue particle creation. In section
V, we show the results of a numerical simulation giving
particle creation in an expanding and shrinking BEC in a
trapping potential. The conclusions are given in section
VI.
II. ANALOGUE SPACETIME IN BEC
We start with the Hamiltonian describing bosons
trapped by an external confining potential Vext(x) given
by
H =
∫
d3x ψ†(x)
[
K + Vext(x)− µ
+
1
2
U0ψ
†(x)ψ(x)
]
ψ(x). (1)
Here ψ†(x) and ψ(x) are boson field operators in the
second quantized form, K = −~2∇2/2m is the kinetic
energy operator, U0 is the particle interaction strength
and µ is the chemical potential [42, 43]. In the Heisenberg
picture, the field equation is given by
i~∂tψ(x, t) = [K + Vext(x) − µ
+ U0ψ
†(x, t)ψ(x, t)]ψ(x, t). (2)
The density operator and the current density operator
are respectively defined by
nˆ(x, t) = ψ†(x, t)ψ(x, t), (3)
jˆ(x, t) =
~
2mi
[ψ†(x, t)∇ψ(x, t)
− {∇ψ†(x, t)}ψ(x, t)]. (4)
In a BEC, the field ψ consists of two components,
ψ(x, t) = Ψ(x, t) + φ(x, t), where Ψ(x, t) ≡ 〈ψ(x, t)〉 de-
scribes the condensate [44] with 〈O〉 denoting a grand
canonical ensemble average of O. The Bogoliubov field
φ(x, t) describes fluctuations about the condensate. The
condensate wave function Ψ(x, t) obeys the following GP
equation [8, 9],
i~∂tΨ(x, t) = [K + Vext(x)− µ] Ψ(x, t)
+ U0|Ψ(x, t)|2Ψ(x, t). (5)
The condensate wave function Ψ(x, t) is rewritten in
terms of the amplitude, |Ψ(x, t)| = √n0(x, t), and the
phase, S(x, t), as follows,
Ψ(x, t) =
√
n0(x, t)e
iS(x,t). (6)
Hereafter, the spatial and time dependence of fields, rep-
resented by (x, t), is implicit for conciseness of notation.
3The condensate contributions to the density and current
density are
n0 = |Ψ|2, j0 = n0 ~
m
∇S = n0v0, (7)
where v0 := ~∇S/m is the velocity of the condensate.
With these quantities, the GP equation can be rewritten
as two real equations
~∂tS + n
−1/2
0 Kn
1/2
0 + Vext − µ+ U0n0 +
m
2
v20 = 0, (8)
∂tn0 +∇ · (n0v0) = 0. (9)
The first equation is Bernoulli’s equation for the conden-
sate current and the second equation represents conser-
vation of the current.
Density fluctuations and current density fluctuations
are described by
ρˆ′ = Ψ∗φ+ φ†Ψ =
√
n0(e
−iSφ+ eiSφ†), (10)
jˆ′ =
~
2mi
[Ψ∗∇φ+ φ†∇Ψ− (∇Ψ∗)φ− (∇φ†)Ψ]. (11)
Here, we take the linearized approximation, that is, we
neglect higher order fluctuations, like φ†φ. The fluctu-
ation fields φ, φ† obey the BdG equations. These fields
can be U(1) gauge transformed as
φ˜ := e−iSφ, φ˜† := eiSφ†. (12)
The field equations are
i~∂tφ˜ = (L˜+ 2U0n0 + ~∂tS)φ˜+ U0n0φ˜
†, (13)
−i~∂tφ˜† = (L˜∗ + 2U0n0 + ~∂tS)φ˜† + U0n0φ˜, (14)
where L˜ is defined as
L˜ := K˜ + Vext − µ, K˜ := e−iSKeiS. (15)
Performing a short calculation, one obtains
K˜ = K − i~v0 · ∇ − 1
2
i~(∇ · v0) + 1
2
mv20 . (16)
With these fields, ρˆ′ and jˆ′ take the simple forms
ρˆ′ =
√
n0(φ˜+ φ˜
†), jˆ′ = ρˆ′v0 + n0vˆ
′, (17)
where we have introduced vˆ′ = ∇Φˆ′ with
Φˆ′ :=
~
2mi
√
n0
(φ˜− φ˜†). (18)
Note that the field Φˆ′ is the velocity potential in the first
order approximation with respect to fluctuation fields.
Taking the difference of eqs. (13) and (14), we see that
the operators ρˆ′ and jˆ′ obey the conservation law
∂tρˆ
′ +∇ · jˆ′ = 0. (19)
Therefore, the continuity equation is satisfied within first
order terms for fluctuation fields. Under the hydrody-
namic approximation, in which the density gradient is
smooth over the local healing length ξ = ~/
√
2mU0n0,
the sum of eqs. (13) and (14) yields
ρˆ′ ≃ −m
U0
(∂t + v0 · ∇)Φˆ′. (20)
Then, eq. (19) can be rewritten as
(∂t +∇ · v0) m
U0
(∂t + v0 · ∇)Φˆ′ −∇ ·
(
m
U0
c2s∇Φˆ′
)
≃ 0,
(21)
where cs :=
√
U0n0/m. Now, we introduce a symmetric
tensor
gµν =
Λmcs
U0
( −(c2s − v20) −v0a
−v0b δab
)
, (22)
where Λ is a constant and a, b = 1, 2, 3. We can then
write eq. (21) as
1√−detg∂µ
[√
−detggµν∂νΦˆ′
]
= 0. (23)
If we identify gµν with a spacetime metric through ds
2 =
gµνdx
µdxν , the field Φˆ′ obeys the equation of motion for
a minimally coupled scalar field in curved spacetime with
the metric (22), and can be seen to be a field in curved
spacetime.
The equation for the field Φˆ′ given in (21) was already
derived as a perturbation equation of the GP equation,
see for example [32, 45]. In this section, we have red-
erived it directly from time dependent BdG equations as
an extension of analysis given in [13]. This derivation
is physically equivalent to the original derivation of ana-
logue metric given in [10].
III. CONSTRUCTION OF QUANTUM FIELD
THEORY IN CURVED SPACETIME
Now, the field Φˆ′ is found to be a corresponding field
in analogue spacetime. In this section, however, we show
that the number of quanta described by Φˆ′ in the ana-
logue spacetime does not quantitatively correspond to
that of quasiparticles in BEC, and there is an exact ex-
pression for a quantum field in analogue spacetime which
is different from Φˆ′. To address this point, we construct
quantum field theory on the analogue spacetime by using
the BdG theory.
For that purpose, we introduce linear transformation
and separate operators and wave functions so that the
operators αj and α
†
j respectively become annihilation and
creation operators, as
φ˜ =
∑
j
[ujαj − v∗jα†j ], φ˜† =
∑
j
[u∗jα
†
j − vjαj ]. (24)
4The operators αj and α
†
j are set to satisfy the boson
commutation relation [αj , α
†
k] = δjk. The wave functions
uj and vj obey the following matrix equations:
i~∂t
(
uj
vj
)
=
(
W˜ −U0n0
U0n0 −W˜ ∗
)(
uj
vj
)
, (25)
where W˜ := L˜ + 2U0n0 + ~∂tS. They then satisfy the
orthonormal conditions∫
d3x (u∗juk − v∗j vk) = δjk,∫
d3x (ujuk − vjvk) = 0.
(26)
The operators αj and α
†
j describe the annihilation and
creation of Bogoliubov quasiparticles, respectively. Here,
we identify these with annihilation and creation opera-
tors of quanta in the analogue spacetime.
The field Φˆ′ is expanded in terms of operators by use
of the expansion (24).
Φˆ′ =
∑
j
[
αj f˜j + α
†
j f˜
∗
j
]
, (27)
where f˜j is defined as
f˜j :=
~
2mi
√
n0
(uj + vj). (28)
Firstly, we check that the coefficient functions f˜j satisfies
the relativistic wave equation with the metric (22). Eq.
(8) leads to
W˜ = K ′ + U0n0 − i~Dv, (29)
with these definitions K ′ := K − n−1/20 (Kn1/20 ) and
Dv := v0 · ∇+ 1
2
(∇ · v0). (30)
The matrix equation (25) then gives equations for the
functions uj + vj and uj − vj as
i~ (∂t +Dv) (uj + vj) ≈ 2U0n0(uj − vj), (31)
i~ (∂t +Dv) (uj − vj) = K ′(uj + vj), (32)
where the hydrodynamic approximation,
K ′ + 2U0n0 ≈ 2U0n0, (33)
has been used. From eq.(31),
uj − vj = i~
2U0n0
(∂t +Dv) (uj + vj). (34)
Substituting this into eq.(32), we obtain
(∂t +Dv)
1
U0n0
(∂t +Dv)(uj + vj) +
2
~2
K ′(uj + vj) = 0.
(35)
The conservation of the condensate current (9) leads to
(∂t + v0 · ∇) X√
n0
=
1√
n0
(∂t +Dv)X, (36)
(∂t +Dv)
1√
n0
X =
1√
n0
(∂t +∇ · v0)X, (37)
for any function X . Therefore, we obtain
(∂t +∇ · v0) 1
U0
(∂t + v0 · ∇)f˜j
+
2
~2
√
n0K
′√n0f˜j = 0. (38)
Furthermore, by noting that
K ′
√
n0X = − ~
2
2m
1√
n0
∇ · (n0∇X), (39)
one finds that the functions {f˜j} satisfy
∂µ
[√
−detggµν∂ν f˜j
]
= 0, (40)
with metric (22), as expected.
Now, we calculate the Klein-Gordon (KG) inner prod-
uct between functions {f˜j} in the analogue spacetime,
which is a conserved product for solutions to the wave
equation in curved spacetime. The KG product for func-
tions F and G is defined as
(F,G)KG = −i
∫
Σ
(Fnµ∂µG
∗ −G∗nµ∂µF )
√
deth d3x,
(41)
where n = nµ∂µ is a unit normal vector orthogonal to the
spacelike surface Σ, that is, n is a future-directed timelike
vector.
√
deth d3x is an invariant volume element of the
surface Σ. hab is the induced metric on Σ. If F and G
are solutions of the Klein-Gordon equation (40), the value
(F,G)KG does not depend on the choice of Σ as long as Σ
is a Cauchy surface [46]. If we choose a t-constant surface
as Σ, the induced metric is
ds2Σ = habdx
adxb =
mΛ
U0
csδabdx
adxb. (42)
Then, we obtain
√
deth = (mΛcs)
3/2U
−3/2
0 . The normal
vector to the surface is
nµ∂µ = c
−3/2
s
√
U0
mΛ
(∂t + v0 · ∇). (43)
By using eqs. (36) and (31), the KG product between
the coefficient functions can be calculated as
(f˜j , f˜k)KG =
Λ~
m
∫
Σ
d3x [uju
∗
k − vjv∗k] . (44)
Using the orthonormal relation (26), we obtain
(f˜j , f˜k)KG =
Λ~
m
δjk. (45)
5Similar calculations show that (f˜∗j , f˜
∗
k )KG = −Λ~m δjk and
(f˜j , f˜
∗
k )KG = 0. Therefore, it is seen that the coefficient
functions are normal each other. At the same time, it is
also seen that they are not orthonormal. We find that a
set of functions
√
m√
Λ~
f˜j, (46)
is a set of orthonormal mode functions for the field Φˆ′.
Then the number operator of quanta described by Φˆ′ is
N˜j =
Λ~
m
α†jαj . (47)
The number of quanta in analogue spacetime does not
correspond to that of Bogoliubov quasiparticles. In order
to identify these numbers, the field has to be normalized
so as to make the coefficient functions orthonormal. It is
easily seen that a set of functions
fj :=
√
~
2i
√
Λmn0
(uj + vj), (48)
is a complete set in quantum field theory in analogue
curved spacetime, that is, these functions satisfy
(fj , fk)KG = δjk. (49)
Then the normalized field is
ϕ =
∑
j
[
αjfj + α
†
jf
∗
j
]
=
√
m√
Λ~
Φˆ′. (50)
Then, the number operator of the field ϕ is
Nj = α
†
jαj . (51)
We have obtained orthonormal mode functions (48) and
normalized scalar field (50) in the analogue spacetime
from BdG wave functions. Equivalently, we have exactly
related one Bogoliubov quasiparticle with one quantum
in the analogue spacetime. Now, with this normalized
field ϕ, quantum field theory in curved spacetime can be
applicable to Bogoliubov quasiparticles quantitatively.
IV. PARTICLE CREATION
In this section, we discuss a simple example of particle
creation and derive a formula connecting particle creation
spectrum and BdG wave functions.
Let us consider a condensate which is static and hav-
ing no excitation at initial time t = t1. For t1 < t < t2,
the condensate evolves dynamically and, at t = t2, it
becomes static again. Then, the corresponding effective
spacetime evolves dynamically and, in general, quantum
field theory in curved spacetime will predict particle cre-
ation. Therefore, the analogy implies that, Bogoliubov
quasiparticles will be created at t = t2.
We choose a complete set at time t = tλ (λ = 1, 2),
{f (λ)j }, as each f (λ)j consists of energy eigenfunctions of
the BdG equations u
(λ)
j and v
(λ)
j at each time t = tλ. In
this way, we define one particle state of the quantum by
using annihilation and creation operators α
(λ)
j and α
(λ)†
j
which diagonalize the BdG Hamiltonian.
At the initial and final times t = tλ (λ = 1, 2), we
expand the field using a complete set at each time as
ϕ =
∑
j
[
α
(λ)
j f
(λ)
j + α
(λ)†
j f
(λ)∗
j
]
, (52)
These two sets are related to each other by linear trans-
formations
f
(2)
k =
∑
j
[
Akjf
(1)
j +Bkjf
(1)∗
j
]
. (53)
Therefore, the creation and annihilation operators are
related as
α
(2)
k =
∑
j
(
A∗kjα
(1)
j −B∗kjα(1)†j
)
. (54)
Since the initial condensate has no excitations, the state
for ϕ is in the initial vacuum denoted by |0〉(1), i.e.,
α
(1)
j |0〉(1) = 0. We consider the Heisenberg picture and
the state for ϕ is not time-dependent. Then, the expecta-
tion value of the final number operator in the j-th mode
Nˆ
(2)
j := α
(2)†
j α
(2)
j is calculated as
(1)〈0|Nˆ (2)j |0〉(1) =
∑
k
|Bjk|2. (55)
If Bkj is not zero for any k, then particles will be created.
The expected total number of particles is thus tr(B∗B).
We should note that solutions to the BdG equations uj,
vj solve relativistic wave equations (40) through the re-
lation (48). Therefore, if the time-dependent BdG equa-
tions are solved, then the functions {f (1)j } satisfy the
equation of motion in time-dependent effective space-
time. Therefore, time evolution of the initial complete
set in analogue spacetime is solved automatically. Then,
the coefficient Bjk is calculated as the KG product at the
final time t = t2,
Bjk = −(f (2)j , f (1)∗k )KG
=
∫
t=t2
d3x(u
(2)
j v
(1)
k − v(2)j u(1)k ). (56)
In the derivation of this formula, we have used (36) and
(31) as in the calculation of (49). Here, it should be noted
that, in the calculation of Bjk, not the set of functions
{f˜j} but {fj} has to be considered so that the Bogoliubov
coefficient Bjk is relevant as a particle creation spectrum
quantitatively. This expression for the Bogoliubov co-
efficient (56) was obtained in [32] for particle creation
in homogeneous BEC. Now, the formula (56) has been
6shown to be valid for particle creation in dynamical con-
densates even when it is inhomogeneous, because, in our
formulation, any simplification for the Bogoliubov mode
functions is not needed to be assumed. Therefore, our
formulation is much more powerful. It is powerful enough
to show that the formula (56) is valid for general cases.
In this way, the spectrum of particle creation (55) can
be expressed in terms of the BdG wave functions via the
formula (56).
Finally, we comment that the total number of particles
N =
∫
d3x 〈ψ†ψ〉 =
∫
d3x (|Ψ|2 + 〈φ†φ〉), (57)
is not conserved. ∂tN 6= 0 in our model, since the con-
servation is closed only in the GP equation for the con-
densate particles;
∂t
∫
d3x |Ψ|2 = 0. (58)
To overcome this unphysical result, we have to account
for the quantum backreaction which is the effect of the
dynamical development of the Bogoliubov field to the
BEC. In this paper, we assume that the quantum back-
reaction can be neglected when the number of the BEC
particles far exceeds the number of Bogoliubov quasipar-
ticles.
V. NUMERICAL SIMULATION
Now, we show a numerical simulation giving particle
creation in an expanding and shrinking BEC in the trap-
ping potential Vext(x) = m(ω
2
xx
2+ω2yy
2+ω2zz
2)/2, where
ωx, ωy, and ωz are the trapping frequencies of the poten-
tial along the x, y, and z-axes respectively. We consider
the case in which a BEC is tightly trapped only in the
x-axis; ωx ≫ ωy, ωz, and apply the one-dimensional sim-
ulation by neglecting the spatial derivatives of the y and
z-axes. We find the stationary solution of the GP equa-
tion at the trapping frequency ωx = ωi, and then change
the frequency to ωx = ωf at t = t1 = 0 to make the
expanding and shrinking BEC. This situation can be in-
terpreted as a cosmological expansion and contraction,
because, in the expansion of condensate for example, the
sound velocity becomes small and the time interval ∆t
during which a particle on the condensate can travel over
it,
∆t := 2
∫ RTF
0
c−1s dx, (59)
becomes long, where RTF is the Thomas-Fermi edge of
the condensate. This implies that the size of the ana-
logue spacetime measured by the sound velocity also ex-
pands. Furthermore, the sound velocity is not constant
with respect to the spatial coordinate, which implies that
the analogue spacetime is inhomogeneous. Therefore,
the analogue spacetime corresponds to an inhomogeneous
expanding universe. Similarly, a shrinking BEC corre-
sponds to an inhomogeneous contracting universe.
Although the condensate starts to move due to chang-
ing the trapping frequency, we are not interested in par-
ticle creation caused by such an external manipulation
but in spontaneous one as a quantum field theoretical
phenomenon. For that purpose, we set vacuum for Bo-
goliubov quasiparticles at time just after changing the
frequency, say t = t1 + 0. This is the initial condition in
this simulation. After t = t1+0, therefore, the system is
isolated without external manipulation, and particle cre-
ation can be regarded as a consequence of time evolving
analogue spacetime.
The spectrum of particle creation
∑
k |Bjk|2 can be
calculated as follows. Firstly, we calculate the time evo-
lution of u
(1)
j and v
(1)
j with that of the condensate wave
function Ψ by using eq. (25), starting from the quasi-
steady solution at t = t1 + 0:
E
(λ)
j
(
u
(λ)
j
v
(λ)
j
)
=
(
W˜ −U0n0
U0n0 −W˜ ∗
)(
u
(λ)
j
v
(λ)
j
)
. (60)
Then, at t = t2, we obtain u
(1)
j and v
(1)
j after the time
evolution and u
(2)
j and v
(2)
j by using eq. (60) again. Fi-
nally, we obtain the spectrum of particle creation from
eq. (56).
As the physical parameters, we use m = 1.44× 10−25
kg, ωi = 150× 2pi Hz, ωf = ωi/
√
2, and ωy = ωz = ω⊥ =
50×2pi Hz considering a BEC experiment of 87Rb atoms,
the total number of which is set to be N = 2.5× 106. As
the coupling constant of atomic interactions U0, we use
s-wave scattering:
U0 = 4
[
~
3a3/2ω3⊥N
3/2
15m1/2ωx
]2/5
, (61)
with a scattering length of a = 5.61 nm. As a numerical
method, we use the fully dealiased Chebyshev-Galerkin
method in space −16ax ≤ x ≤ 16ax with the Dirichlet
boundary condition and the Runge-Kutta-Gill method in
time with ∆t = 1× 10−4/ωi, where ax =
√
~/mωi is the
characteristic length defined by the trapping potential.
Figure 1(a) shows the time development of the
Thomas-Fermi edge RTF of the condensate fitted by a
harmonic function. Dynamics of the condensate is almost
periodic, and its period is T ≃ 5.10/ωi which is consis-
tent with that of the breathing mode ∼ 2pi/(
√
3/2ωi).
The sound velocity cs decreases with an increase in RTF
as shown in Fig. 1(b), also becoming periodic in time.
The decrease in the sound velocity shown in Fig. 1(b)
corresponds to expansion of the analogue spacetime. We
select the time at which the size of condensate becomes
maximum as the final time t2, i.e., t2 := T/2 ≃ 2.55/ωi,
and calculate u
(λ)
j and v
(λ)
j (λ = 1, 2). Before calcu-
lating the spectrum of the particle creation, we need to
verify whether the effect of quantum backreaction can
be neglected, as discussed above. Figures 2(a) and (b)
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FIG. 1: Dependence of the Thomas-Fermi edge RTF (a) and
the sound velocity cs =
p
U0n0(x = 0)/m (b) at the center
on time. Here, ax =
p
~/mωi, vx =
p
~ωi/m are the charac-
teristic length and velocity defined by the trapping potential.
show the time dependence of the total number of non-
condensate particles;
Ne =
∫
dx 〈φ†φ〉(1)
=
∫
dx
∑
j
Ne(E
(1)
j ) =
∫
dx
∑
j
|v(1)j |2, (62)
and its spectrum at t = t2. Both figures reveal that the
number of Bogoliubov quasiparticles is small enough rel-
ative the number of BEC N0 :=
∫
dx |Ψ|2 that the quan-
tum backreaction will not alter the result qualitatively.
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FIG. 2: Dependence of the number of the Bogoliubov quasi-
particles on time (a) and its spectrum (b).
Next, we investigate its particle creation. Figure 3
shows the spectrum of the particle creation
∑
k |Bjk|2.
In the low energy region E
(2)
j < µ corresponding to Fig.
3(a), the spectrum has the thermal Maxwell-Boltzmann
distribution:
∑
k |Bjk|2 ∝ exp(−E(2)j /kBTe) with the
temperature kBTe ≃ 0.777~ωi. This result means that
the spectrum of the particle creation in the analogue
expanding universe obeys the thermal distribution with
some temperature Te. It is widely believed that the ther-
mal spectrum of particle creation is caused by formation
of a static horizon. However, at the time t2, there is no
sonic horizon. This particle creation is quite nontrivial.
To confirm this experimentally, a BEC is needed at
a temperature lower than Te , to ensure that it is not
be submerged by thermal noise. Using realistic param-
eters, Te is estimated to be 5.60 nK which has been al-
ready achieved in many BEC experiments. On the other
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FIG. 3: The spectrum of particle creation at t = 2.55/ωi in
the low energy region 5~ωi < E
(2)
j < 20~ωi (a) and 10~ωi <
E
(2)
j < 200~ωi (b).
hand, in the high energy region E
(2)
j ≫ µ shown in
Fig. 3 (b), the spectrum exhibits power-law behavior∑
k |Bjk|2 ∝ E(2)−4j . This power-law behavior, however,
seems to be difficult to detect because particle creation
in this region is very weak. In the high energy region,
the modes are not hydrodynamic and the analogy breaks
down. The power-law behavior might be explained by
trans-Planckian physics in analogy[45, 47].
Note that the particle creation shown in this simulation
occurs spontaneously in the sense that the initial state
for the excitation field has no excitation at the time just
after the changing of the trapping frequency, and there
is no external manipulation after the condensate starts
to move. This is contrasted to the previous simulation
giving homogeneous cosmological analogue [32], in which
the external manipulation like changing strength of the
atomic interaction is required.
VI. SUMMARY
In conclusion, we have formulated quantum field the-
ory in analogue spacetime based on the BdG equations.
In this analogy, quanta in curved spacetimes are explic-
itly exactly related with Bogoliubov quasiparticles on
condensates. It has been demonstrated that, the or-
thonormal relations for Bogoliubov modes correspond to
that for quanta in effective spacetime with respect to
the KG product. We derive a simple formula for the
particle creation spectrum in terms of BdG wave func-
tions, which can be applied to simple dynamical evo-
lution whose initial and final condensations are quasi-
static. Furthermore, we calculate the particle creation
in the analogue expanding universe by numerically solv-
ing time-dependent BdG equations for an expanding
BEC. The spectrum obtained is consistent with the ther-
8mal Maxwell-Boltzmann distribution for the temperature
Te ≃ 5.60 nK, which is experimentally accessible. This
supports the experimental testing of particle creation in
an expanding universe by using a BEC.
Because we neglected the effect of the quantum back-
reaction from the Bogoliubov field to the BEC, we are
unable to calculate the precise amount of particle cre-
ation. To overcome this deficiency, we are extending the
model to incorporate the quantum backreaction and will
report on this in near future. Furthermore, numerical
simulations of particle creations in dynamical BEC corre-
sponding to Hawking radiation will be reported in future
studies.
Acknowledgments: MK acknowledges JSPS Research
Fellowships for Young Scientists (Grant No. 207229).
MT is supported in part by a Grant-in-Aid for Scientific
Research from JSPS (Grant No. 18340109) and by a
Grant-in-Aid for Scientific Research on Priority Areas
from MEXT (Grant No. 17071008). HI is supported by a
Grant-in-Aid for Scientific Research Fund of the Ministry
of Education, Science and Culture of Japan (Grant No.
19540305).
[1] S. W. Hawking, Nature 248, 30 (1974); S. W. Hawking,
Commun. Math. Phys. 43, 199 (1975) [Erratum-ibid. 46,
206 (1976)].
[2] W. G. Unruh, Phys. Rev. Lett. 46, 1351 (1981).
[3] Artificial Black Holes, edited by M. Novello, M. Visser,
and G. Volovik (World Scientific, 2002).
[4] C. Barcelo, S. Liberati and M. Visser, Living Rev. Rel.
8, 12 (2005).
[5] M. H. Anderson, J. R. Ensher, M. R. Matthews, C. E.
Wieman, and E. A. Cornell, Science 269, 198 (1995).
[6] K. B. Davis, M.-O. Mewes, M. R. Andrews, N. J. van
Druten, D. S. Durfee, D. M. Kurn, and W. Ketterle,
Phys. Rev. Lett. 75, 3969 (1995).
[7] C. J. Pethick and H. Smith, Bose-Einstein Condensa-
tion in Dilute Gases (Cambridge University Press, Cam-
bridge, 2002).
[8] V. L. Ginzburg and L. P. Pitaevskii, Zh. Eksp. Teor. Fiz.
34, 1240 (1958) [Sov. Phys. JETP 7, 858 (1958)].
[9] E. P. Gross, Nuovo Cimento 20, 451 (1961); J. Math.
Phys. 46, 137 (1963).
[10] L. J. Garay, J. R. Anglin, J. I. Cirac and P. Zoller, Phys.
Rev. Lett. 85, 4643 (2000).
[11] L. J. Garay, J. R. Anglin, J. I. Cirac and P. Zoller, Phys.
Rev. A 63, 023611 (2001).
[12] C. Barcelo, S. Liberati and M. Visser, Int. J. Mod. Phys.
A 18, 3735 (2003) [arXiv:gr-qc/0110036].
[13] U. Leonhardt, T. Kiss and P. O¨hberg, J. Opt. B 5 S 42
(2003).
[14] U. Leonhardt, T. Kiss and P. O¨hberg, Phys. Rev. A 67,
033602 (2003).
[15] S. Giovanazzi, C. Farrell, T. Kiss and U. Leonhardt,
Phys. Rev. A 70, 063602 (2004).
[16] S. Giovanazzi, Phys. Rev. Lett. 94, 061302 (2005).
[17] S. Wu¨ster and C. M. Savage Phys. Rev. A 76 013608
(2007).
[18] Y. Kurita and T. Morinari, Phys. Rev. A 76, 053603
(2007).
[19] R. Balbinot, A. Fabbri and S. Fagnocchi,
[arXiv:0711.4520].
[20] I. Carusotto, S. Fagnocchi, A. Recati, R. Balbinot and
A. Fabbri, [arXiv:0803.0507].
[21] S. Wu¨ster, Phys. Rev. A 78 021601(R) (2008)
[arXiv:0805.1358].
[22] P. Jain, A. S. Bradley and C. W. Gardiner, Phys. Rev.
A 76, 023617 (2007).
[23] H. Nakano, Y. Kurita, K. Ogawa and C. M. Yoo, Phys.
Rev. D 71, 084006 (2005).
[24] S. Basak, [arXiv:gr-qc/0501097].
[25] F. Federici, C. Cherubini, S. Succi and M. P. Tosi,
[arXiv:gr-qc/0503089].
[26] C. Barcelo, A. Cano, L. J. Garay and G. Jannes, Phys.
Rev. D 74, 024008 (2006) [arXiv:gr-qc/0603089].
[27] C. Barcelo, A. Cano, L. J. Garay and G. Jannes, Phys.
Rev. D 75, 084024 (2007) [arXiv:gr-qc/0701173].
[28] H. Takeuchi, M. Tsubota and G. E. Volovik, J. Low
Temp. Phys. 150, 528 (2008).
[29] C. Barcelo, S. Liberati and M. Visser, Int. J. Mod. Phys.
D 12 1641 (2003).
[30] C. Barcelo, S. Liberati and M. Visser, Phys. Rev. A 68
053613 (2003).
[31] J. E. Lidsey, Class. Quant. Grav. 21, 777 (2004).
[32] P. Jain, S. Weinfurtner, M. Visser and C. W. Gardiner,
Phys. Rev. A 76, 033616 (2007).
[33] S. Weinfurtner, P. Jain, M. Visser and C. W. Gardiner,
[arXiv:0801.2673].
[34] M. Uhlmann, [arXiv:0810.1347].
[35] P. O. Fedichev and U. R. Fischer, Phys. Rev. Lett. 91,
240407 (2003).
[36] P. O. Fedichev and U. R. Fischer, Phys. Rev. A. 69,
033602 (2004).
[37] P. O. Fedichev and U. R. Fischer, Phys. Rev. D 69,
064021 (2004).
[38] U. R. Fischer and R. Schu¨tzhold, Phys. Rev. A 70,
063615 (2004).
[39] S. E. C. Weinfurtner, gr-qc/0404063.
[40] M. Uhlmann, Y. Xu and R. Schutzhold, New J. Phys. 7,
248 (2005).
[41] C. Barcelo, S. Liberati and M. Visser, Class. Quant.
Grav. 18, 1137 (2001).
[42] See, for example, A. L. Fetter and J. D. Walecka, “Quan-
tum Theory of Many-Particle Systems” (McGraw-Hill,
New York, 1971).
[43] A. L. Fetter, Ann. Phys. (N.Y.) 70, 67 (1972).
[44] O. Penrose, Philos. Mag. 42, 1373 (1951); O. Penrose
and L. Onsager, Phys. Rev. 104, 576 (1956); C. N. Yang,
Rev. Mod. Phys. 34, 694 (1962).
[45] S. Weinfurtner, A. White and M. Visser, Phys. Rev. D
76, 124008 (2007).
[46] See for ex. : Quantum fields in curved spaces, N. D. Birrel
and P. C. W. Davies, Cambridge Univ. Press (1982).
[47] S. Corley and T. Jacobson, Phys. Rev. D 54, 1568 (1996).
